We construct the gravitational theory emerging from the double-copy of massive scalar quantum chromodynamics in general dimensions. The resulting two-form-dilaton-gravity couples to flavored massive scalars gravitationally and via the dilaton. It displays scalar self-interactions terms of arbitrary even order in the fields but quadratic in derivatives. We work out the emerging Lagrangian explicitly up to the sixth order in scalar fields.
We construct the gravitational theory emerging from the double-copy of massive scalar quantum chromodynamics in general dimensions. The resulting two-form-dilaton-gravity couples to flavored massive scalars gravitationally and via the dilaton. It displays scalar self-interactions terms of arbitrary even order in the fields but quadratic in derivatives. We work out the emerging Lagrangian explicitly up to the sixth order in scalar fields.
I. INTRODUCTION
A most remarkable property of gravitational scattering amplitudes on Minkowski space-time backgrounds is a factorization of these highly involved structures into simpler building blocks arising from two gauge theoretical scattering amplitudes known as the Bern-Carrasco-Johansson (BCJ) double-copy relation [1, 2] 1 . The BCJ double-copy acts inherently perturbatively and reflects a fascinating duality between the gauge theoretic color and kinematical degrees of freedom of scattering amplitudes. It provides a mechanism to transform the local gauge symmetries of the double-copied Yang-Mills theory to the diffeomorphism symmetry of the resulting gravitational theory. This procedure hinges upon finding a representation of the gauge theory amplitudes built from trivalent graphs with color and kinematic numerator factors fulfilling Jacobi-like identities. It was originally observed for pure gauge theories (with and without supersymmetry) which double copied to pure (super)-gravities and has proven to be an efficient tool also beyond tree-level (where proofs of the double-copy exist [4, 5] ) to generate amplitude integrands at high-loop orders in the maximal supersymmetric case [6, 7] . By now the double-copy has been observed in a large set of gravitational theories involving massless fields, including pure gravity [8] , pure and matter coupled supergravities [9, 10] as well as Einstein-Yang-Mills theories [11] [12] [13] [14] . Recently [15] , the double copy of QCD with N f massive spin 1/2 particles in the fundamental representation was studied, which double copies to two-form-dilaton-gravity (a.k.a. N = 0 supergravity) coupled to massive scalars and vectors, see also [16] for related work. This field content of the double copied theory follows from the tensor product of the on-shell degrees of freedom
The resulting gravitational Lagrangian is not obvious at all in the matter sector and contains contact terms of pure scalar and vector-scalar type to all orders. The explicit form up to quartic order was worked out in detail in [15] . In this work we extend these results by going down in spin and work out the details of the double copy of massive scalar QCD. In this setup the resulting field content is two-form-dilaton-gravity coupled to N f massive scalars, i.e.
We have constructed the emerging gravitational Lagrangian up to sixth order in the scalar contact terms and moreover propose a general structure. We also show that there are no two-form-scalar couplings, i.e. axionscalar couplings in 4d, as is commonly expected. Partial results along these lines up to quartic order in scalar couplings appeared recently in [16] as this work was close to completion.
Next to clarifying the general structure of the doublecopy construction one further motivation for this work lies the application to the classical double copy. This is particularly relevant in applications to the two-body problem in general relativity -being of central importance for gravitational wave physics. Here the goal is to use the double-copy construction to innovate stateof-the-art techniques for the computation of effective two-body potentials in the post-Newtonian and post-Minkowski expansions which is an emerging interdisciplinary field [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . This connection comes about from an effective field theory perspective where spinless blackholes may be modeled by massive scalar particles [33] in the classical and large mass limit. While the double copy procedure could be efficiently applied up to the 1PN and 2PM level [22, 24] a recent double-copy construction at the 2PN and 3PM level of the present authors and Steinhoff revealed a disagreement with the known 2PN result in dilaton-gravity [34] .
Let us briefly review the double-copy procedure at treelevel. A general n-point amplitude in the gauge theory, here scalar QCD, takes the generic form
where Γ is the set of relevant trivalent graphs and g the coupling. The D α denote the inverse propagators and S j is the symmetry factor of the graph. Note that via the trivial identity 1 = D αj /D αj any graph in a Feynman diagrammatic expansion can be made trivalent formally.
The central criterion is that in the above representation of the amplitude the numerators of color c i and kinematics n i obey identical algebraic relations c s + c t = c u n s + n t = n u (4) emerging from the Jacobi identity for the c i . The doublecopied amplitude is then obtained by simply replacing c i → n i in (3), a process known as 'squaring'.
II. SCALAR-QCD AMPLITUDES
The scalar-QCD Lagrangian with the scalar fields in the fundamental representation reads
where α = 1, 2, · · · , N labels the flavor of the massive scalar fields and i denotes the color index. We note that there are no contact interactions of massive scalar fields in this Lagrangian. The conventions and the Feynman rules following from (5) are given in Appendix A. From the Feynman rules, the 3-point amplitude of two massive scalars and one gluon can be read off immediately,
where the massive scalar particle and antiparticle are indicated by the under-and over-lines respectively, p i denotes the external momentum of particle i and all external momenta are incoming. The scattering amplitude of two gluons and two massive scalars reads
Note that we use s i..j ≡ (p i + ... + p j ) 2 throughout this paper. The kinematic numerators are given by
We notice that the color and the kinematic numerators above automatically satisfy the relations below Hence, the kinematic numerators are in the BCJrespecting representation and are ready to be squared in the double copy construction.
The 4-scalar amplitudes can also be straightforwardly obtained. When the two pairs of scalars are of the same flavor (mass), the amplitude reads
When the two scalar pairs are of different flavors (masses), the amplitude reads
In these 4-scalar amplitudes, there are not enough color structures to form Jacobi identities. The simplest 6-scalar amplitude is the one with three scalar pairs of distinct flavors (masses). The three topologies of the diagrams that contribute to this amplitude are given in the left column of figure 1 and the amplitude reads
where the color factors read
The other numerators are gained from cyclic rotations of the labels (1, 2) → (3, 4) → (5, 6) in n 1 and n 2 . The explicit expressions for the kinematic numerators are given in Appendix A. We note that the color factors and the kinematic numerators satisfy the same relation below
For the cases where the flavors are not all distinguished, more diagrams and the symmetry factors associated with the diagrams need to be taken care of. In the end, the BCJ-respecting numerators are likewise constructed.
III. DOUBLE COPY
It is well-known that the double copy of YM field gives a graviton, a two-form field (B-field), and a dilaton. Their associated polarization tensors are identified with the tensor products of the gluon polarization vectors in the following ways,
where the double parenthesis denotes taking the symmetric-traceless part of the tensor product. Note that the superscripts i, j are not related to the color group as in (5), but are the little group indices. The dilaton identification can be further simplified as
where p is the momentum associated to the external particle, and q is an arbitrary reference null-vector. With this double-copy prescription, we can now get the gravitational amplitudes from the corresponding YM ones. We focus on the scattering processes that involve at least one pair of massive scalars. We present all the relevant double copy results up to 4-point as well as the 6-scalar amplitude in this chapter. The simplest case on the YM side is the 3-point amplitude with two scalars and one gluon. Its double copy gives two different amplitudes,
Note that the amplitude vanishes when the massless particle is the B-field due to the anti-symmetrization. This applies to any amplitude that involves an odd number of B-fields, so we will only write down the non-vanishing ones. Similarly, the 4-point amplitude of two massive scalars and two gluon (7) gives the following gravitational amplitudes after the double copy,
The sQCD 4-scalar amplitudes, with the two pairs of particles being of identical and distinct flavor, (13) and (14) are double-copied to
The 6-scalar amplitude is also directly gained from (15), though the result is too lengthy to fit in this article. These amplitudes will be exploited to extract the higher-order terms of the Lagrangian.
IV. THREE-FORM-DILATON-GRAVITY WITH MASSIVE SCALARS
The Lagrangian of the two-form-dilaton-gravity reads
The interactions involving massive scalars may now be extracted from the amplitudes computed above. In fact, we found that the minimal coupling of massive scalars and gravity reproduces the 2-massive-1-graviton amplitude (20) and the 2-massive-2-graviton amplitude (22) .
It is straightforward to extend to higher points,
Adopting de Donder gauge, we write down the relevant Feynman rules, see Appendix A. From the 4-point order, we can get the interaction terms up to quadratic order in κ. The 6-scalar amplitude gives us the 6-scalar contact term. In the end, we find the following Lagrangian from the double copy
where D µ is the covariant derivative and flavor indices that appear twice in a term are summed over implicitly.
It is also known that the dilaton appears as an exponent when coupled to other fields. Conjecturing of the higher order interaction terms, we rewrite the Lagrangian in a more condensed fashion,
Let us now explain the extraction of each contact term in (30) . We first make an ansatz on how the dilaton couples to massive scalars,
whose leading term in κ gives the canonical kinetic and mass terms. We can compute the 3-point amplitude of two matter fields and a dilaton,
Matching to the double copy result (21), we have λ − ζ = 1. The 2-massive-2-dilaton amplitude from double copy (24) subtracted by all Feynman diagrams that contain only cubic vertices yields the diagram that comes from the contact term,
We can also calculate this diagram directly from Feynman rules of the 4-point contact term,
Comparing the above formulae, (34) and (35), we have two equations of λ and ζ. Together with λ − ζ = 1, we find the solution,
We also verified that (32) gives the correct 4-point amplitude of 2 massive scalars, 1 dilaton and 1 graviton, of (23). As for the 2 massive scalar and 2 B-field scattering, we compute the amplitude from the perturbative Lagrangian (30) . It coincides with (25) , so there is no direct coupling of the B-field and massive scalars at least at 3-and 4-point levels.
We now proceed to consider the interactions among the massive scalars. These will be presented in more details since it is the main result of this article. The amplitude of 2 pairs of massive scalars of different flavors contains contributions from the following diagrams, 
In order to match the double copy amplitude (27), a 4scalar contact term is required,
A similar calculation applies to the 4-scalar amplitude where all massive scalars are of the same flavor. We only need to add the contribution by exchanging p 1 and p 3 .
The contact term will be .
In summary, the 4-scalar interaction term can be extracted as
The 6-scalar contact term is computed in the same way. For simplicity, the 3 pairs of scalars are taken to be of different flavors. Cases where two or three pairs of scalar are of the same flavor can be gained by simply exchanging the external particles. We match the amplitude computed from summing all Feynman diagrams to the double copy result. All the diagrams, except for the one from the 6-scalar interaction, are categorised into the six structures in fig. 1 . Subtracting every diagram that falls into either category in fig. 1 from the double copy amplitude will give us the 6-scalar contact term, 
The corresponding interaction will be
We now have calculated every term in (30) .
V. CONCLUSIONS
In this letter we explicitly constructed the double copy of scalar QCD in arbitrary dimensions resulting in an extension of the established two-form-dilaton gravity model ("N = 0 supergravity") by interacting massive flavored scalars displaying self interactions to arbitrary field orders. We found no coupling of the flavored scalars to the two-form, i.e. axion in 4d, as is commonly expected, yet not proven. Moreover, we saw that the self-interaction terms are always quadratic in derivatives. We constructed the emerging Lagrangian explicitly up to sixth order in fields. It would be important to develop a deeper understanding as to what symmetry controls the form of these self-interactions at all orders. It should be an extension of the still elusive kinematic algebra. We expect these results to be of value in the future for using the double-copy formalism in the two-body problem in classical General Relativity which should emerge from the infinite mass limit of the theory we have constructed. Yet it appears to us that the established novel contact terms will not alter the classical limit of the two massive scalar scatterings and cannot account for the discrepancies observed in [34] .
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Appendix A: Feynman Rules
The covariant derivative and the field strength tensor in (5) read
The generators of the gauge group are normalized such that
The Lagrangian (5) 
As for the gravitational theory (30), we adopt the de Donder gauge, where the propagators are 
Since the kinetic term of dilaton is non-canonical, we dress each external dilaton by a factor 1/ √ D − 2. The propagator of B-field is not needed in this paper. The Feynman rules of massive scalars coupled to graviton and dilaton are respectively 
